Published by Institute of Physics Publishing for SISSA Received: May 6, 2005 Revised: July 1, 2005 Accepted: July 19, 2005 Published: August 3, 2005

On orbifold compactification of N = 2 supergravity in five dimensions

Freddy P. Zen,^a Bobby E. Gunara,^a Arianto^{ab} and Hari Zainuddin^c

aTheoretical Physics Laboratory, Department of Physics, Institute of Technology Bandung Jl. Ganesha 10 Bandung 40132, Indonesia bDepartment of Physics, Udayana University Jl. Kampus Bukit Jimbaran Denpasar 80361, Indonesia cTheoretical Studies Laboratory, ITMA, Universiti Putra Malaysia 43400 UPM Serdang, Selangor, Malaysia E-mail: fpzen@fi.itb.ac.id, bobby@fi.itb.ac.id,

ariphys@student.fi.itb.ac.id, hisham@fsas.upm.edu.my

Abstract: We study compactification of five dimensional ungauged N = 2 supergravity coupled to vector- and hypermultiplets on orbifold S^1/Z_2. In the model, the vector multiplets scalar manifold is arbitrary while the hypermultiplet scalars span a generalized self dual Einstein manifold constructed by Calderbank and Pedersen. The bosonic and the fermionic sectors of the low energy effective N = 1 supergravity in four dimensions are derived.

Keywords: Supergravity Models.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep082005018.pdf/jhep082005018.pdf

Contents

1. Introduction 1

2. Ungauged five dimensional N = 2 supergravity 2 2.1 Pure gravitational multiplet 2 2.2 Couplings of vector- and hypermultiplets 3 2.2.1 The scalar manifold 3 2.2.2 Toric self dual Einstein spaces 4

3. Compactification on the orbifold S^1/Z_2 4 3.1 Analysis of the orbifold transformation 4 3.2 The bosonic sector 8 3.3 The fermionic sector 11

4. Conclusions and outlook 14

A. Conventions and notations 14

B. Five dimensional supergravity on S^1 15

C. Some detailed calculations of the fermionic sectors 17

1. Introduction

Compactification of the five dimensional N = 2 supersymmetry on singular space S^1/Z_2 has achieved phenomenological interest since it provides N = 1 supersymmetry in four dimensions. Furthermore, four dimensional N = 1 vacua for the supersymmetric versions of the two branes Randall-Sundrum scenario of the five dimensional N = 2 supergravity has been obtained in [1]. In this scenario one places two 3-branes with opposite tension at the orbifold S^1/Z_2 which is the boundaries of (4+1)-dimensional Anti de Sitter spacetime. The distance between the branes is set by the expectation value of a modulus field, called radion. Furthermore, starting from the simplest model, namely pure supergravity theory one can derive the effective N = 1 theory as it was shown in [2].

A model consists of single hypermultiplet whose moduli space of toric self-dual Einstein (TSDE) in five dimensional N = 2 supergravity has been studied to construct domain wall solutions [3]. They investigated the associated supersymmetric flows to prove the existence of domain walls which admit Randall-Sundrum flows. However, in this model, the Kähler subspace of the TSDE is still unclear.

– 1 –

The purpose of this paper is to obtain a four dimensional N = 1 theory via S^1/Z_2 compactification of the five dimensional N = 2 supergravity coupled to arbitrary vector multiplets and a hypermultiplet which is chosen to be a generalized self dual Einstein manifold admitting torus symmetry constructed by Calderbank and Pedersen [4]. Our aim is to find the Kähler subspace of toric self dual Einstein (TSDE) spaces.

Our starting point is the five dimensional N = 2 supergravity coupled to arbitrary vector multiplets and a hypermultiplet. First, the theory can be compactified down to four dimensions along an S^1 of radius R parametrized by x_5, resulting in a nonchiral four dimensional N = 2 theory. However, we are interested in the chiral four dimensional N = 1 theory. Second, to obtain a chiral four dimensional N = 1 theory, we consider compactification of the x_5 coordinate on the S^1/Z_2 orbifold. The Z_2 action is as usual x_5 → −x_5 and two fixed points are at x_5 = 0 and x_5 = πR. We begin to mod S^1 by Z_2. In order the reduction to be consistent, we must first make a certain parity assignment to the fields such that the lagrangian is invariant under x_5 → −x_5. Then, when S^1 is modded out by Z_2, only the even parity fields survive on the two fixed points.

The paper is organized as follows. Section 2 briefly reviews the ungauged five dimensional N = 2 supergravity coupled to vector- and hypermultiplets. We present the action of the ungauged five dimensional N = 2 supergravity. Section 3 presents a detailed derivation of the compactification of five dimensional N = 2 supergravity coupled to vector multiplets and hypermultiplets. First, we discuss some basic analysis of the S^1/Z_2 orbifold compactification. The starting point is the bosonic sector of the five dimensional N = 2 supergravity theory. Second, after modding out Z_2, the odd fields are projected out and the surviving fields fit into multiplets of the chiral four dimensional N = 1 supergravity. The boundary action arising from dimensional reduction can be constructed in a straightforward way and it is obtained by truncating four dimensional N = 1 supergravity according to the Z_2 projection. We present then the resulting of the compactification of the bosonic and the fermionic sector. We conclude our results in section 4. Finally, in appendices A, B and C we summarize our notation, convention and some of the detailed calculations.

2. Ungauged five dimensional N = 2 supergravity

This section describes supergravity theory in five dimensions with N = 2 supersymmetry in which a supergravity multiplet is coupled to matter multiplets. The coupling to vector multiplets was given in [5, 6] and the addition of tensor multiplets was considered in [7]. Furthermore, the full couplings of N = 2 supergravity theory in five dimensions was constructed in [8].^1

2.1 Pure gravitational multiplet Five dimensional gravitational multiplet consists of the metric ĝ_{μ̂ν̂} , doublet symplectic Majorana gravitinos ψ^i_{μ̂} and a vector field Â_{μ̂} (graviphoton) [10]. The greek hatted indices are five dimensional space-time indices and run over values 0, . . . , 3, 5. The index i of the gravitinos runs from 1 to 2.

1See also [9] and references therein.

– 2 –

The bosonic part of the action for the gravitational multiplet takes the form:

S = − 1 2κ^2_5 ∫ d^5x √ −ĝ [ R̂ + F̂_{μ̂ν̂} F̂^{μ̂ν̂} + 1 6 √ 2 √ −ĝ ϵ^{μ̂ν̂ρ̂σ̂ λ̂} F̂_{μ̂ν̂} F̂_{ρ̂σ̂} Â_{λ̂} ] . (2.1)

Furthermore, one can also couple the pure N = 2 gravitational multiplet to arbitrary number of vector- and hypermultiplets. This will be discussed in the next section.

2.2 Couplings of vector- and hypermultiplets 2.2.1 The scalar manifold First, let us describe n_V vector multiplets of N = 2 supergravity.^2 We now have n_V + 1 vector fields A^I_μ , n_V symplectic pairs of gauginos λ^{ia}, and n_V real scalars ϕ^x. It is convenient to group vectors with the graviphoton so that the index I = 0, 1, . . . , n_V and a = 1, . . . , n_V are corresponding flat space indices. The kinetic term of the scalars defines the sigma model: L_{kin} = − 1 2 g_{xy}(ϕ)∂_{μ̂} ϕ^x∂^{μ̂} ϕ^y . (2.2)

The vector multiplet scalars ϕ^x, x = 1, . . . , n_V , parametrize the target space S where x represents curved indices. The metric g_{xy} can be interpreted as a metric on a riemannian manifold S called the very special real geometry because it can be viewed as a hypersurface by an n_V polynomial of degree three

N(h) = C_{IJK} h^I h^J h^K = 1 , (2.3)

where h^I = h^I (ϕ^x). Moreover, the gauge coupling of the theory can be expressed as

a_{IJ} (h) = − 1 3 ∂ ∂h^I ∂ ∂h^J ln N(h)|_{N=1} . (2.4)

Restricting to the submanifold we can then write the metric g_{xy}(ϕ) as:

g_{xy}(ϕ) =

∂h^I ∂ϕ^x

∂h^J ∂ϕ^y a_{IJ} (h) . (2.5)

Secondly, we discuss n_H hypermultiplets in which it contains 4n_H real scalars q^X and 2n_H symplectic Majorana fermions (hyperinos) ζ^A where X = 1, . . . , 4n_H and A = 1, . . . , 2n_H . As in the previous case, the central object is the metric g_{XY} of the sigma model:

L_{kin} = − 1 2 g_{XY} (q)∂_{μ̂} q^X ∂^{μ̂} q^Y . (2.6)

Again, g_{XY} is the metric on a riemannian manifold Q on which the scalars q^X are the coordinates and thus X = 1, . . . , 4n_H are the curved indices labelling the coordinates. Local supersymmetry further implies that Q has to be a quaternionic Kähler manifold [11].

Thus from the above discussion it shows that the scalar manifold M is a direct product of a very special manifold S and a quaternionic manifold Q:

M = S ⊗ Q , (2.7)

with ϕ^x ∈ S, q^X ∈ Q.

2We omit tensor multiplets for simplicity. For N = 2 supergravity coupled to tensor multiplets see [7].

– 3 –

We now write the action of N = 2 supergravity which is needed for our analysis^3 S = ∫ d^5x √ −ĝ [ 1 2κ^2_5

R̂ − 1 4 a_{IJ}F̂^I_{μ̂ν̂} F̂^{Jμ̂ν̂} − 1 2 g_{xy}∂_{μ̂} ϕ^x∂^{μ̂} ϕ^y − 1 2 g_{XY} ∂_{μ̂} q^X ∂^{μ̂} q^Y − − 1 2κ^2_5 ψ̄_{ρ̂}γ^{ρ̂μ̂ν̂} D_{μ̂} ψ_{ν̂} − 1 2 λ̄_xγ^{μ̂} D_{μ̂} λ^x − ζ̄^Aγ^{μ̂} D_{μ̂} ζ_A +

+ 1 6 √ 6 √ −ĝ ϵ^{μ̂ν̂ρ̂σ̂ λ̂} C_{IJK}F̂^I_{μ̂ν̂} F̂^J_{ρ̂σ̂} Â^K_{λ̂} − i √ 6 16κ_5 h_IF̂^{ĉd̂I}ψ̄^âγ_{âb̂ĉd̂}ψ^{b̂} + + iκ_5 4 √ 2 3 ( 1 4 g_{xy}h_I + T_{xyz}h^z_I ) λ^xγ^{âb̂}F̂^I_{âb̂}λ^y + iκ_5 8 √ 6h_Iζ̄_Aγ^{âb̂}F̂^I_{âb̂}ζ^A ] , (2.8)

where the covariant derivatives are given by

D_{μ̂} λ^{xi} = ∂_{μ̂} λ^{xi} + ∂_{μ̂} ϕ^yΓ^x_{yz}λ^{zi} + 1 4 ω_{μ̂}^{âb̂}γ_{âb̂}λ^{xi} + ∂_{μ̂} q^X ω_{Xj}^iλ^{xj} , (2.9)

D_{μ̂} ζ^A = ∂_{μ̂} ζ^A + ∂_{μ̂} q^X ω_{XB}^Aζ^B + 1 4 ω_{μ̂}^{b̂ĉ}γ_{b̂ĉ}ζ^A , (2.10)

D_{μ̂} ψ^i_{ν̂} = ( ∂_{μ̂} + 1 4 ω_{μ̂}^{b̂ĉ}γ_{b̂ĉ} ) ψ^i_{ν̂} − ∂_{μ̂} q^X ω_X^{ij}ψ_{ν̂j} . (2.11)

2.2.2 Toric self dual Einstein spaces Let us now consider the hypermultiplet sector that is four dimensional (n_H = 1) which has self dual property beside Einstein spaces. Our choice is the most general space admitting T^2 isometry which has been shown in [4]. The metric has the form

ds^2 = − [ 1 4ρ^2 − (f^2_ρ + f^2_η )

f^2 ]( dρ^2 + dη^2 ) −

− ((f − 2ρf_ρ)α − 2ρf_η β)^2 + ( − 2ρf_η α + (f + 2ρf_ρ)β)^2 f^2(f^2 − 4ρ^2(f^2_ρ + f^2_η ))

, (2.12)

where α = √ ρdϕ and β = (dψ + ηdϕ). The function f(ρ, η) satisfies the Laplace equation in two dimensional hyperbolic space spanned by (ρ, η)

ρ^2(f_{ρρ} + f_{ηη} ) = 3 4 f , (2.13)

with f_{ρρ} = ∂^2f/∂ρ^2 and f_{ηη} = ∂^2f/∂η^2. One takes ρ > 0 and η ∈ R while (ϕ, ψ) are periodic coordinates. Furthermore, it has positive scalar curvature if f satisfies f^2 > 4ρ^2(f^2_ρ + f^2_η ) and negative if f^2 < 4ρ^2(f^2_ρ + f^2_η ).

3. Compactification on the orbifold S^1/Z_2

3.1 Analysis of the orbifold transformation Now we turn our attention to consider the five dimensional supergravity on the orbifold S^1/Z_2.^4 As we shall see that the five dimensional N = 2 supergravity is reduced to four dimensional N = 1 supergravity.

3For complete action see [9].

4We discuss S^1 compactification in appendix B.

– 4 –

There are two ways to employ the compactification on orbifold. In the so-called downstair approach, we consider the five dimensional supergravity with x^5 ∈ S^1/Z_2 = [0, πR], so x^5 ∼ x^5 + 2πR and x^5 ∼ −x^5. Then, the five dimensional space-time is M^5_{down} = M^4 × (S^1/Z_2) = M^4 × [0, πR]. Locally, we still have ordinary the five dimensional supergravity, but on boundary special thing can occur. The boundary consist of two four dimensional space-time, one at x^5 = 0 called M^4 and one at x^5 = πR called M^{′4}.

In the so called upstair approach, we consider the five dimensional supergravity with x^5 on S^1 so that x^5 ∼ x^5 + 2πR and the five dimensional space-time is M^5_{up} = M^4 × S^1. Then, we define the orbifold transformation O by

O : x^5→−x^5 , x^μ →x^μ . (3.1)

The fixed points of O are the points with x^5 = 0 or x^5 = πR, so the fixed points consist of two four dimensional space-time M^4 and M^{′4} which are the boundary of M^5_{up}. To get the same picture as in the downstair approach, we demand that the physics should be invariant under the orbifold transformation O. We must in particular have the distance dŝ^2 invariant,

dŝ^2 = ĝ_{μ̂ν̂} dx^{μ̂} dx^{ν̂}

= ĝ_{μν} dx^μ dx^ν + 2ĝ_{μ5} dx^μ dx^5 + ĝ_{55}dx^5dx^5 → ĝ_{μν} dx^μ dx^ν + 2ĝ_{μ5} dx^μ (−dx^5) + ĝ_{55}(−dx^5)(−dx^5) . (3.2)

The invariant properties of the distance require that

ĝ_{μν} → ĝ_{μν} , ĝ_{μ5} → −ĝ_{μ5} , ĝ_{55} → ĝ_{55} , (3.3)

such that on M^4 and M^{′4}, we have that ĝ_{μ5} = 0.

Next, we analyze the gravitational part of the five dimensional supergravity action. Under parity transformation, the action become ∫ d^5x √ −ĝ R̂ → ∫ dx^4(−dx^5) √ −ĝ R̂ = − ∫ d^5x √ −ĝ R̂ , (3.4)

where R and √ −g are invariant under x^5 → −x^5. Therefore, we need that the other terms change sign as well.

The transformation of F̂^I_{μν} can be seen directly from the transformation of ĝ^{μ5}

F̂^I_{μν} = ∂_μ Â^I_ν − ∂_νÂ^I_μ → − F̂^I_{μν} , F̂^I_{μ5} = ∂_μ Â^I_5 − ∂_5Â^I_μ → F̂^I_{μ5} , (3.5)

from which it can be checked that FF-term changes sign:

S_{F F} = ∫ d^5x √ −ga_{IJ}F̂^I_{μ̂ν̂} F̂^{μ̂ν̂J} = ∫ d^5x √ −ĝa_{IJ}F̂^I_{μ̂ν̂} F̂^J_{ρ̂σ̂} ĝ^{μ̂ρ̂} ĝ^{ν̂σ̂}

– 5 –

→ ∫ (−d^5x) √ −ĝa_{IJ} (− F̂^I_{μν} )(− F̂^J_{ρσ} )ĝ^{μρ} ĝ^{νσ} + +2 ∫ (−d^5x) √ −ĝa_{IJ} (F̂^I_{μ5} )(F̂^J_{ν5})(−ĝ^{μ5} )(−ĝ^{ν5}) = − ∫ d^5x √ −ĝa_{IJ}F̂^I_{μ̂ν̂} F̂^{μ̂ν̂J} . (3.6)

Finally, we have Â^I_μ → − Â^I_μ and Â^I_5 → Â^I_5.

Since the orbifold S^1/Z_2 has boundaries at the two fixed points, we have to add the extra terms to the action (2.8) and then get the modified action. First of all, we derive the equation of motion including variation of Ricci tensor. In other words, the derivative of the variation of the metric is not zero on the boundary. In the following we only consider variation of Ricci scalar which give the modified action of the five dimensional supergravity theory on orbifold, and then obtain the modified action of the five dimensional supergravity which can be written as S^{mod}_{5d} = S + 2 ∫ ∂Σ Ê , (3.7)

where Ê = ĥ^{μ̂}_{ν̂} ∇_{μ̂} N̂^{ν̂} is the trace of the extrinsic curvature. In next section we discuss the second term of the above equation.

The variation of the five dimensional Ricci scalar is given by

δŜ = ∫ d^5x [ δ √ −ĝ R̂ + √ −ĝδĝ^{μ̂ν̂} R̂_{μ̂ν̂} + √ −ĝĝ^{μ̂ν̂} δR̂_{μ̂ν̂} ]

= ∫ d^5x √ −ĝ [ g 1 2 ĝ^{ρ̂σ̂} R̂ − ĝ^{μ̂ρ̂} ĝ^{σ̂ν̂} R̂_{μ̂ν̂} ] δĝ_{ρ̂σ̂} + + ∫ d^5x √ −ĝ∇^{ρ̂} [ − ∇_{ρ̂}(ĝ^{μ̂ν̂} δĝ_{μ̂ν̂} ) + ∇^{μ̂} δĝ_{ρ̂μ̂} ] , (3.8)

where we have used

δR̂_{μ̂ν̂} = 1 2 ĝ^{ρ̂σ̂} ( − ∇_{μ̂} ∇_{ν̂} (δĝ_{ρ̂σ̂} ) + ∇_{ρ̂}∇_{ν̂} (δĝ_{σ̂μ̂} ) + ∇_{ρ̂}∇_{μ̂} (δĝ_{σ̂ν̂} ) − ∇_{ρ̂}∇_{σ̂} (δĝ_{μ̂ν̂} ) ) , (3.9)

and the metric postulate ∇_{ρ̂}g_{μ̂ν̂} = 0. After plugging (3.9) into (3.8), finally we get

δŜ = ∫ d^5x √ −ĝ [ 1 2 ĝ^{ρ̂σ̂} R̂ − R̂^{ρ̂σ̂} ] δĝ_{ρ̂σ̂} + ∫ d^5x √ −ĝ∇^{μ̂} T̂_{μ̂} , (3.10)

where T̂_{μ̂} = ĝ^{ν̂ρ̂} (∇_{ρ̂}δĝ_{μ̂ν̂} − ∇_{μ̂} δĝ_{ν̂ρ̂} ) . (3.11)

Using Gauss theorem, we can rewrite the last term of (3.10): ∫ Σ d^5x∂^{μ̂} ( √ −ĝ T̂_{μ̂} ) = ∫ ∂Σ d^4x √ −ĝ N̂^{μ̂} T̂_{μ̂} , (3.12)

where N̂^{μ̂} is the normal to the surface. This term is zero because the derivative of the variation of the metric is zero on the boundary. This term modifies the action of the five dimensional supergravity theory on orbifold.

– 6 –

Next, after assuming δĝ_{μ̂ν̂} is a constant on the surface ∂Σ, then the equation (3.12) can be written down as: ∫ Σ d^5x∂^{μ̂} ( √ −ĝ T̂_{μ̂} ) = − ∫ ∂Σ d^4x √ −ĝ N̂^{μ̂} ĥ^{ν̂ρ̂} ∇_{μ̂} (δĝ_{ν̂ρ̂} ) , (3.13)

where we have used ĥ^{ν̂ρ̂} ∇_{ρ̂}δĝ_{μ̂ν̂} = 0. The boundaries can be considered as a four dimensional surface embedded in the five dimensional space-time.

We now define a quantity Ê, whose variation equals to the equation (3.13). We have

Ê_{μ̂ν̂} = ĥ^{ρ̂}_{μ̂} ∇_{ρ̂}N̂_{ν̂} , ĥ_{μ̂ν̂} = ĝ_{μ̂ν̂} − N̂_{μ̂} N̂_{ν̂} , (3.14)

where N̂_{μ̂} = ±δ^5_{μ̂} √ ĝ_{55} . (3.15)

From the above equation we see that induced metric on the surface ∂Σ has

ĥ_{55} = 0 . (3.16)

The trace of extrinsic curvature Ê is calculated according to

Ê = ĝ^{μ̂ν̂} Ê_{μ̂ν̂} = ĝ^{μ̂ν̂} ĥ^{ρ̂}_{μ̂} ∇_{ρ̂}N̂_{ν̂}

= ĥ^{ν̂ρ̂} (∂_{ρ̂}N̂_{ν̂} − Γ̂^{σ̂}_{ρ̂ν̂} N̂_{σ̂} ) = ĥ^{5ρ̂}(∂_{ρ̂}N̂_5 − Γ̂^5_{ρ̂ν̂} N̂_5)

= ĥ^{5ρ̂}∂_{ρ̂}N̂_5 − 1 2 ĝ^{5λ̂} ĥ^{ν̂ρ̂} [∂_{ρ̂}ĝ_{λ̂ν̂} − ∂_{ν̂}ĝ_{λ̂ρ̂} + ∂_{λ̂} ĝ_{ν̂ρ̂} ]N̂_5 , (3.17)

where we have used definition of the Christoffel symbol.

Now we use the fact that both ĝ_{μ̂ν̂} and ĥ_{μ̂ν̂} are block diagonal

Ê = ĥ^{55}∂_5N̂_5 − 1 2 ĝ^{55}ĥ^{5ρ̂}∂_{ρ̂}ĝ_{55} − 1 2 ĝ^{55}ĥ^{ν̂5}∂_{ν̂}ĝ_{55} + 1 2 ĝ^{55}ĥ^{ν̂r̂ho}∂_5ĝ_{ν̂ρ̂}N̂_5 = 1 2 ĝ^{55}ĥ^{ν̂ρ̂} ∂_5ĝ_{ν̂ρ̂}N̂_5, (3.18)

where we have used the fact that ĥ^{ν̂5}∂_{ν̂}ĝ_{55} = 0 since this is a derivative along the surface and that the variation is zero on the surface. The second term of (3.7) comes from variation of the extrinsic curvature (3.17), we get

δÊ = 1 2 N̂^{μ̂} ĥ^{ν̂ρ̂} (∇_{μ̂} δĝ_{ν̂ρ̂} ) , (3.19)

which is identical to (3.13) apart from the factor two. Here we are working in the massless sector of the theory, where ∂_5ĝ_{μ̂ν̂} = 0 so the second term of (3.7) does not contribute to our action. However if we are working in the massive sector, this term can not be ignored. In the following section we only consider the massless sector to obtain the low-energy effective action of the four dimensional N = 1 supersymmetry theory.

From the bosonic sector analysis, the five dimensional fields can be even (Φ(x^5) = Φ(−x^5)) or odd (Φ(x^5) = −Φ(−x^5)) under orbifold transformation. Note that the odd fields must either vanish or be discontinuous at the fixed points, hence they are not dynamical fields on the submanifolds. Identifying periodicity of the scalar fields in (2.12),

– 7 –

Φ → Φ + Φ_0 with Φ ≡ (ρ, η, ψ, ϕ) and under orbifold transformation Φ → −Φ, we define the fields (ρ, η) are even and (ψ, ϕ) are odd.^5

The action of Z_2 on the fermion fields and on the spinor parameter ϵ of the supersymmetry transformations is defined as [12, 13]:

ψ^i_μ (x^5) = P(ψ)γ_5M(q)^i_jψ^j_μ (−x^5) , (3.20) λ^i(x^5) = P(λ)γ_5M(q)^i_jλ^j(−x^5) , (3.21) ϵ^i(x^5) = P(ϵ)γ_5M(q)^i_jε^j(−x^5) , (3.22)

where M^i_j = m_1(q)(σ_1)^i_j + m_2(q)(σ_2)^i_j + m_3(q)(σ_3)^i_j , (3.23) with m_1, m_2, m_3 ∈ real functions of q and P(Ψ) = ±, Ψ ≡ (λ, ψ, ε). Decomposing the five dimensional spinor Ψ, and its conjugate Ψ̄, into four-dimensional spinor, and following the convention in [2] it is given by

Ψ_{μ̂} = ( ψ^1_{μ̂L} ψ_{2μ̂R} ) , (3.24) and γ^5 = ( −i 0 0 i ) , γ^â = ( 0 σ^â σ^â 0 ) . (3.25)

To complete the results of this section, we must first take certain parity assignments to the fields such that the action stays invariant under x^5 → −x^5. Then, when we mod out Z_2, only fields of even parity survive on the two orbifold fixed points. The even parity fields are given by

ĝ_{μν} , ĝ_{55} , Â^I_5 , ρ , η , ψ^+_μ , ψ^−_5 , ζ^1 , λ^1_x , ϵ^+ , (3.26)

and those of odd parity are given by

ĝ_{μ5} , ĝ_{5μ} , Â^I_μ , ϕ , ψ , ψ^−_μ , ψ^+_5 , ζ^2 , λ^2_x , ϵ^− , (3.27)

where we define ψ^±_{μ̂} =^{1√}_2 (ψ^1_{μ̂} ± ψ^2_{μ̂} ).

3.2 The bosonic sector In this subsection we derive the low energy effective N = 1 action via compactification of the bosonic part of the action of the ungauged N = 2 supergravity in five dimensions (2.8) on the orbifold S^1/Z_2 using the analysis above.

Under the Z_2 symmetry, the bosonic fields (ĝ_{μν} , ĝ_{55}, Â^I_5, ρ, η) have to be even, while (ĝ_{μ5} , Â^I_μ , ϕ, ψ) are odd with respect to the orbifold transformation. The analysis of the

5The odd parity of (ρ, η) is not satisfied in the function F (ρ, η), for example, for F (ρ, η) =

√_{ρ 2+(η−y) 2} √ ρ . See [4].

– 8 – orbifold transformation above are similar to S^1 compactification,^6 however all odd fields are ruled out. Using the ansatz,

dŝ^2 = A(x)g_{μν} dx^μ dx^ν + B(x)dz^2 , (3.28)

we find

S_S1_{/Z2} = ∫ d^4 √ −g [ 1 2κ^2_4 ( AB^{1/2}R + 3 2 A^{−1} B^{1/2}∂_μ A∂^μ A + 3 2 B^{1/2}∂_μ A∂^μ B ) − − 1 2 ( κ^2_5 κ^2_4 ) AB^{−1/2} a_{IJ} ∂_μ A^I_5∂^μ A^I_5 − 1 2 ( κ^2_5 κ^2_4 ) AB^{1/2}g_{xy}∂_μ ϕ^x∂^μ ϕ^y + + 1 2 ( κ^2_5 κ^2_4 ) AB^{1/2} ( 1 4ρ^2 − f^2_ρ + f^2_η f^2 )( ∂_μ ρ∂^μ ρ + ∂_μ η∂^μ η ) ] . (3.29)

To put the equation (3.29) back into the canonical form, we perform a Weyl rescaling of the metric which is given by:

g_{μν} → g̃_{μν} = A^{−1} B^{−1/2} g_{μν} , g^{μν} → g̃^{μν} = AB^{1/2}g^{μν} . (3.30)

So under this rescaling the equation (3.29) becomes:

S_S1_{/Z2} = ∫ d^4 √ −g [ 1 2κ^2_4 ( R − 3 8 ∂_μ ln B∂^μ ln B ) − − 1 2 ( κ^2_5 κ^2_4 ) B^{−1} a_{IJ} ∂_μ A^I_5∂^μ A^I_5 − 1 2 ( κ^2_5 κ^2_4 ) g_{xy}∂_μ ϕ^x∂^μ ϕ^y + + 1 2 ( κ^2_5 κ^2_4 )( 1 4ρ^2 − f^2_ρ + f^2_η f^2 )( ∂_μ ρ∂^μ ρ + ∂_μ η∂^μ η ) ] . (3.31)

The four dimensional gravitational constant (1/κ^2_4) can be expressed in terms of its five dimensional counterpart as: κ^2_4 = κ^2_5 2πR . (3.32)

The equation (3.31) can be rewritten in the form:

S_S1_{/Z2} = 1 2κ^2_4 ∫ d^4 √ −g [ R − 1 κ^2_5 â_{IJ} ∂_μ ĥ^I ∂^μ ĥ^J − 2 3 â_{IJ} ∂_μ A^I_5∂^μ A^I_5 +

+ κ^2_5 ( 1 4ρ^2 − f^2_ρ + f^2_η f^2 )( ∂_μ ρ∂^μ ρ + ∂_μ η∂^μ η )] , (3.33)

where â_{IJ} =^{3κ 25}_2 B^{−1} a_{IJ} , ĥ^I = B^{1/2}h^I and we have used the identities

h^I_x = − √ 3 2κ^2_5 h^I_{,x} , h^I h^x_I = 0 , g_{xy} = a_{IJ} h^I_xh^J_y , a_{IJ} = −2C_{IJK} + 3h_I h_J . (3.34)

6See appendix B.

– 9 –

In (3.33), n_V + 1 vector multiplet scalars ϕ^x appear through n_V + 1 scalars ĥ^I subject to the constraint, C_{IJK} (ĥ)ĥ^Iĥ^Jĥ^K = B^{−3/2} . (3.35)

Now we consider the low-energy effective action of N = 1 supergravity in four dimensions. Therefore, we must show that the scalars in (3.33) parametrize a complex manifold of the Kähler type. For that purpose, we define two new complex quantities, T and S:

T^I = 1 κ_5 ĥ^I + i √ 3 2 A^I_5 , (3.36) S = 1 κ_5

(ρ + iη) . (3.37)

From this definition, the function f(ρ, η) is replaced by f(S, S̄) and we get

â_{IJ} = 6 (T^I + T̄^I )(T^J + T̄^J )

, (3.38)

f_ρ = 1 κ_5

(f_S + f¯_S) , (3.39)

f_η = i κ_5

(f_S − f¯_S) . (3.40)

The Laplace equation (2.13) can be casted into

f_S¯_S = 3f 4(S + S̄)^2

. (3.41)

By substituting (3.36) and (3.38) into (3.33), the action can be rewritten as

S_S1_{/Z2} = ∫ d^4x √ −g 1 2κ^2_4 R − ∫ d^4x √ −g 3 κ^2_4(T^I + T^Ī )(T^J + T^{J̄} )

∂_μ T^I ∂^μ T^{J̄} − − ∫ d^4x √ −g 1 κ^2_4 [ 1 (S + S̄)^2 + 2 ( f_Sf¯_S f^2 − f_S¯_S f )] ∂_μ S∂^μ S̄ (3.42) = 1 2κ^2_4 ∫ d^4x √ −gR − ∫ d^4x √ −gK_I¯_J ∂_μ T^I ∂^μ T^{J̄} − − ∫ d^4x √ −gK_S¯_S∂_μ S∂^μ S̄ ,

where

K_I¯_J ≡ ∂ ∂T^I ∂ ∂T^{J̄}

K_V , (3.43)

K_S¯_S ≡ ∂ ∂S ∂ ∂S̄ K_H , (3.44)

The Kähler potentials are denoted by K_V and K_H which comes from the vector- and hypermultiplets, respectively. We find that

K = K_V + K_H (3.45) = −κ^{−2}_4 ln(C_{IJK} (T^I + T^Ī )(T^J + T^{J̄} )(T^K + T^{K̄} )) − κ^{−2}_4 (ln(S + S̄) + 2 ln f) .

– 10 –

3.3 The fermionic sector

In the previous subsection we found the effective action for the bosonic sectors with the Kähler potentials is given by (3.45). The rest is to derive the fermionic sectors of the effective four dimensional N = 1 theory. Since the ansatz metric is non-radion background, the fermionic fields do not depend on x^5 and then the integral over the compact dimensions in the action yields just the volume which can be absorbed into the definition of the four dimensional gravitational constant. In other words, it is equivalent to integrate out the massive Kaluza-Klein modes and one keeps only zero modes in the effective description.

Our starting point is the fermionic parts of the action (2.8). The kinetic term of the ψψ-component is given by

S_{ψψ} = ∫ d^5x √ −ĝ [ − 1 2κ^2_5 ψ̄_{ρ̂}γ^{ρ̂μ̂ν̂} D_{μ̂} ψ_{ν̂} − i √ 6 16κ_5 h_IF̂^I_{ρ̂σ̂} ψ̄_{μ̂} γ^{μ̂ν̂ρ̂σ̂} ψ_{ν̂} ] . (3.46)

It is convenient to combine two symplectic Majorana spinors into one even(odd) Majorana spinor in four dimensions, with the following convention

ψ_{μ̂} = ψ^1_{μ̂L}

ψ^2_{μ̂R}

, ψ_{μ̂} = ( ψ^2_{μ̂L} , ψ^1_{μ̂R} ) . (3.47)

Using these definitions, we can rewrite (3.46) in terms of even and odd combinations,

S_{ψψ} = ∫ d^5x √ −ĝ [ − 1 2κ^2_5 ψ^2_{ρ̂} γ^{ρ̂μ̂ν̂} D_{μ̂} ψ^1_{ν̂} − i √ 6 16κ_5 h_IF̂^I_{ρ̂σ̂} ψ^2_{μ̂} γ^{μ̂ν̂ρ̂σ̂} ψ^1_{ν̂} ] + h.c. , (3.48) or S_{ψψ} = ∫ d^5x √ −ĝ [ − 1 2κ^2_5 · 1 2 · ( ψ^+_{ρ̂} γ^{ρ̂μ̂ν̂} D_{μ̂} ψ^+_{ν̂} − ψ^−_{ρ̂} γ^{ρ̂μ̂ν̂} D_{μ̂} ψ^−_{ν̂} ) − − i √ 6 16κ_5 h_IF̂^I_{ρ̂σ̂} 1 2 ( ψ^+_{μ̂} γ^{μ̂ν̂ρ̂σ̂} ψ^+_{ν̂} − ψ^−_{μ̂} γ^{μ̂ν̂ρ̂σ̂} ψ^−_{ν̂} ) ] + h.c. , (3.49)

where we have used

ψ^1_{μ̂} = 1 √ 2 ( ψ^+_{μ̂} + ψ^−_{μ̂} ) ψ^2_{μ̂} = 1 √ 2 ( ψ^+_{μ̂} − ψ^−_{μ̂} ) . (3.50)

The two fixed points require that certain Z_2-odd fields have a step-function, namely sgn(z = x^5). The step function sgn(z = x^5) takes values −1 for x^5 ∈ [−πR, 0] and +1 for x^5 ∈ [0, πR].

In order for the reduction to be consistent, we must make an ansatz for the gravitino as follows ψ^+_μ = 1 √ 2 C(x)ψ_μ , ψ^−_μ = 1 √ 2 sgn(z)C(x)ψ_μ , (3.51)

– 11 – where C(x) is an arbitrary function. After subtracting to each component and plugging the ansatz into (3.49) we get^7

S_{ψψ} = ∫ d^5x √ −ĝ [ − 1 2κ^2_5 1 2 ( ψ^+_ρ γ^{ρμν} D_μ ψ^+_ν + ψ^+_ρ γ^{ρ5ν} D_5ψ^−_ν ) − − i √ 6 16κ_5 h_IF̂^I_{ρ̂σ̂} 1 2 ψ^+_μ γ^{μνρ̂σ̂} ψ^+_ν + + 1 2κ^2_5 ψ^+_ρ γ^{ρν} ψ^+_ν (δ(z) − δ(z − πR)) ] + h.c. (3.52)

We note that the third term of the action (3.52) is the boundary term. This result has to be consistent with the upstair approach used in [14] where one regards space-time as the smooth manifold M_4 × S^1 subject to Z_2 symmetry. Then, in the framework of the five dimensional supergravity we can write the total action by

S = S_{bulk} + S_{boundary} , (3.53)

where S_{bulk} is given by (2.8) and S_{boundary} or S_{brane} in the context of braneworld is given by S_{brane} = 1 2κ^2_5 ∫ d^5x √ −gψ^+_μ γ^{μν} ψ^+_ν [δ(z) − δ(z − πR)] + h.c. (3.54)

The bulk part of the action (3.52) can be rewritten as follows

S_{ψψ} = 1 2κ^2_5 ∫ d^5x √ −ĝ C^2 4 ψ_ργ^{ρμν} D̃_μ ψ_ν + h.c. , (3.55)

where

D̃_μ ψ_ν = ∂_μ ψ_ν + 1 2 ω_μ^{ab}γ_{ab}ψ_ν + ∂_μ ln Cψ_ν − 1 4 ∂_μ ln Bψ_ν − − κ^2_4 12 (K_I ∂_μ T^I − K¯_I ∂_μ T^Ī )ψ_ν + iκ^2_4 2 (K_S∂_μ S − K¯_S∂_μ S̄)ψ_ν . (3.56)

After integrating (3.55) with respect to x^5 ∈ [−πR, πR], we finally get

S_{ψψ} = − 1 2κ^2_4 ∫ d^4x √ −gψ_ργ^{ρμν} D̃_μ ψ_ν . (3.57)

In the above expressions we have set C = B^{1/4} so that the covariant derivative in four dimensions becomes

D̃_μ ψ_ν = ∂_μ ψ_ν + 1 2 ω_μ^{ab}γ_{ab}ψ_ν − κ^2_4 12 (K_I ∂_μ T^I −K¯_I ∂_μ T^Ī )ψ_ν + iκ^2_4 2 (K_S∂_μ S−K¯_S∂_μ S̄)ψ_ν , (3.58)

and then used the spin connections in the metric background,

ω̂_μ^{ab} = ω_μ^{ab} − 1 4 (e^a_μ e^{νb} − e^b_μ e^{νa})∂_ν ln B , (3.59)

ω̂_{5a}¯_5 = − 1 2 B^{1/2}e^μ_a ∂_μ ln B , (3.60)

7The detailed calculation is presented in appendix C.

– 12 – and Sp(1)-connections,

ω^1 = − f_η f dρ + ( 1 2ρ + f_ρ f ) dη . (3.61)

The hyperino kinetic terms of the fermionic sector of the action (2.8) is given by

S_{ζζ} = ∫ d^5x √ −ĝ [ − ζ̄^Aγ^{μ̂} D_{μ̂} ζ_A + iκ_5 8 √ 6h_Iζ̄_Aγ^{âb̂}F̂^I_{âb̂}ζ^A ] , A = 1, 2 . (3.62)

We assume that the fields are independent of the fifth coordinate so that derivative with respect to fifth coordinate vanishes. The ansatz for the hyperino (even fields),

ζ_A → ζ_1 = 1 √ 2κ_5

B^{1/4}ζ , (3.63)

and we obtain S_{ζζ} = − 1 2κ^2_4 ∫ d^4x √ −g ζ̄γ^μ D̃_μ ζ . (3.64)

The covariant derivative for the hyperino in four dimensions is given by

D̃_μ ζ = ∂_μ ζ + 1 2 ω_μ^{ab}γ_{ab}ζ − iκ^2_4 2 (K_S∂_μ S − K¯_S∂_μ S̄)ζ + κ^2_4 6 (K_I ∂_μ T^I − K¯_I ∂_μ T^Ī )ζ . (3.65)

Next we look at the gaugino kinetic terms

S_{λλ} = ∫ d^5x √ −ĝ [ − 1 2 λ̄_xγ^{μ̂} D_{μ̂} λ^x + iκ^5 4 √ 2 3 ( 1 4 g_{xy}h_I + T_{xyz}h^z_I ) λ^xγ^{âb̂}F̂^I_{âb̂}λ^y ] . (3.66)

For gaugino, the procedure is similar to the hyperino terms and we then obtain

S_{λλ} = − 1 2κ^2_4 ∫ d^4x √ −g λ̄^xγ^μ D̃_μ λ_x , (3.67)

where

D̃_μ λ_x = ∂_μ λ_x + 1 2 ω_μ^{ab}γ_{ab}λ_x + ∂_μ ϕ^yΓ^z_{yx}λ_z − − iκ^2_4 2 (K_S∂_μ S − K¯_S∂_μ S̄)λ_x + κ^2_4 12 (K_I ∂_μ T^I − K¯_I ∂_μ T^Ī )λ_x . (3.68)

Finally, by combining the results of the bosonic and the fermionic sectors we get the lowenergy effective action of N = 1 in four dimensions:

S^{N=1}_{d=4} = 1 2κ^2_4 ∫ d^4x √ −g [ R + ψ_ργ^{ρμν} D̃_μ ψ_ν − ζ̄γ^μ D̃_μ ζ − λ̄^xγ^μ D̃_μ λ_x −

− 2κ^2_4K_I¯_I ∂_μ T^I ∂^μ T^Ī − 2κ^2_4K_S¯_S∂_μ S∂^μ S̄ ] , (3.69)

where the covariant derivative of the spinors are given by (3.58), (3.65) and (3.68).

– 13 –

4. Conclusions and outlook

In this paper we have studied S^1/Z_2 compactification of the ungauged N = 1 supergravity in five dimensions coupled to arbitrary vector multiplets and a hypermultiplet where the scalar fields span toric self dual Eintein spaces. The resulting theory is four dimensional N = 1 supergravity. In the bosonic sector we found that Kähler potential from the vector multiplets contribution has the form

K_V = −κ^{−2}_4 ln ( C_{IJK} (T^I + T^Ī )(T^J + T^{J̄} )(T^K + T^{K̄} ) ) , (4.1)

and from hypermultiplets contribution are

K_H = −κ^{−2}_4 ( ln(S + S̄) + 2 ln f ) . (4.2)

Furthermore, we have derived the fermionic sectors of the four dimensional N = 1 theory. In general, our results confirm those in reference [2], where the effective theory was obtained by compactification from five dimensional supergravity down to four dimensions in the context of Randall-Sundrum scenario.

It is also interesting to extend our scenario to the general case where the N = 2 scalar potential reduced to the N = 1 scalar potential in terms of holomorphic superpotential. Another problem is to cancel anomaly of the orbifold model and find the gauge group on two orbifold fixed points such that the gauge and the scalar fields residing on the boundaries can be supersymmetrized. This can be done by modifying the boundary action but also one has to modify the supersymmetry transformation laws in both boundary and bulk fields. This problem will be addressed elsewhere.

Note added: during preparation of this manuscript we became aware of the independent work [15] which has some overlaps with our results.

Acknowledgments

We would to thank J. Louis for email correspondence, T. Mohaupt and M. Zagermann for careful reading and suggestions of the first version of this paper.

A. Conventions and notations

The purpose of this appendix is to collect our conventions in this paper. The spacetime metric is taken to have the signature (−, +, +, +, +) while the Ricci scalar is defined to be R = g^{μν}

[_1 2 ∂_ρΓ^ρ_{μν} − ∂_ν Γ^ρ_{μρ} + Γ^σ_{μν} Γ^ρ_{σρ} ] +^1_2 ∂_ρ [ g^{μν} Γ^ρ_{μν} ] . The Christoffel symbol is given by Γ^μ_{νρ} =^1_2 g^{μσ} (∂_ν g_{ρσ} + ∂_ρg_{νσ} − ∂_σ g_{νρ} ) where g_{μν} is the spacetime metric.

– 14 –

Indices:

μ̂, ν̂ = 0, . . . , 3, 5 label curved five dimensional spacetime indices â, b̂ = 0, . . . , 3, 5 label flat five dimensional spacetime indices μ, ν = 0, . . . , 3 label curved four dimensional spacetime indices a, b = 0, . . . , 3 label flat four dimensional spacetime indices i, j = 1, 2 label the fundamental representation of the R-symmetry group SU(2) ⊗ U(1) x, y, z = 1, . . . , n_V label the real scalars of the N = 2 vector multiplet I, J, K = 0, 1, . . . , n_V label the vector multiplets X, Y, Z = 1, . . . , 4n_H label the real scalars of the N = 2 hypermultiplet A, B = 1, . . . , 2n_H label the fundamental representation of Sp(2n_H ).

B. Five dimensional supergravity on S^1 In this section, we derive the dimensional reduction of the bosonic part of the five dimensional supergravity action on S^1.^8 The class of four dimensional theories obtained in this way are only a subclass of the general four dimensional N = 2 theories [17]. In general, we can choose the metric to be ds^2_5 = A(x)g_{μν} dx^μ dx^ν + B(x)dz^2 = ĝ_{μ̂ν̂} dx^{μ̂} dx^{ν̂} (B.1) where A and B are arbitrary functions. We have ĝ_{μν} = A(x)g_{μν} ĝ_{zz} = B(x) . (B.2) The gravity term in the supergravity lagrangian reduced to √ −ĝ R̂ ∼ √ −g [ AB^{1/2}R + 3 2 A^{−1} B^{1/2}∂_μ A∂^μ A + 3 2 B^{−1/2} ∂_μ A∂^μ B ] , (B.3) where ∼ means equal up to a total derivative. The FF-term we are going to reduce is L_{F F} = − 1 4 √ −ĝa_{IJ}F̂^I_{μ̂ν̂} F̂^{μ̂ν̂J} . (B.4)

8This has also been discussed in the appendix of [16].

– 15 –

In order to get the massless sector we divide F̂^I_{μ̂ν̂} into (F̂^I_{μν} , F̂^I_{μ5} ). Then, we take Fourier expansion of this term and keep only the lowest order terms which should be independent of x^5. We then have that − 1 4 √ −ĝa_{IJ}F̂^I_{μ̂ν̂} F̂^{μ̂ν̂J} = − 1 4 √ −gB^{1/2}a_{IJ} F^I_{μν} F^{μνJ} − 1 2 √ −gAB^{−1/2} a_{IJ} ∂_μ A^I_5∂^μ A^J_5 , (B.5)

where A^I_5 are the fifth component of the vector fields. The vector multiplet scalars sector reduce to L_ϕ = − 1 2 √ −ĝg_{xy}∂_{μ̂} ϕ^x∂^{μ̂} ϕ^y = − 1 2 √ −gAB^{1/2}g_{xy}∂_μ ϕ^x∂^μ ϕ^y . (B.6)

The hypermultiplet sector reduce to

L_q = − 1 2 √ −ĝg_{XY} ∂_{μ̂} q^X ∂^{μ̂} q^Y = − 1 2 √ −gAB^{1/2}g_{XY} ∂_μ q^X ∂^μ q^Y . (B.7)

Moreover The Chern-Simon term can be simplified

L_{F F A} = 1 6 √ 6 ϵ^{μ̂ν̂ρ̂σ̂ λ̂} C_{IJK}F̂^I_{μ̂ν̂} F̂^J_{ρ̂σ̂} A^K_{λ̂} = 1 2 √ 6 ϵ^{μνρσ} C_{IJK}F̂^I_{μν} F̂^J_{ρσ} A^K_5 = 1 2 √ 6 ϵ^{μνρσ} C_{IJK} F^I_{μν} F^J_{ρσ} A^K_5 . (B.8)

Collecting the above results, the bosonic part of the reduced supergravity lagrangian (2.8) is 1 √ −g L^{S1}_{4d} = − 1 2 AB^{1/2}R − 3 4 ∂_μ ln A∂^μ ln A − 3 4 ∂_μ ln A∂^μ ln B − − 1 2 AB^{1/2}g_{xy}∂_μ ϕ^x∂^μ ϕ^y − 1 4 B^{1/2}a_{IJ} F^I_{μν} F^{μνJ} − − 1 2 AB^{−1/2} a_{IJ} ∂_μ A^I_5∂^μ A^J_5 − 1 √ 6 C_{IJK}F̃^I_{μν} F^{μνJ} A^K_5 . (B.9)

Here, we only consider the arbitrary function A = A(x) and B = B(x). To put the equation (B.9) back into the canonical form, we perform a Weyl rescaling of the metric which is given by:

g_{μν} → A^{−1} B^{−1/2} g_{μν} . (B.10)

So under this rescaling the lagrangian becomes: 1 √ −g L^{S1}_{4d} = 1 2 R − â_{IJ} (ĥ^I )∂_μ ĥ^I ∂^μ ĥ^J − 2 3 â_{IJ} (ĥ^I )∂_μ A^I_5∂^μ A^J_5 − − 1 4 B^{1/2}a_{IJ} F^I_{μν} F^{μνJ} + 1 √ 6 C_{IJK}F̃^I_{μν} F^{μνJ} A^K_5 , (B.11)

where â_{IJ} =^3_4 B^{−1} a_{IJ} and ĥ^I = B^{1/2}h^I . The Chern-Simons term vanishes identically for the non abelian case.

– 16 –

C. Some detailed calculations of the fermionic sectors

The five dimensional spinor Ψ and its conjugate Ψ can be written into four dimensional form which are Ψ ≡ (ψ^1_L, ψ^2_R)^T and Ψ ≡ (ψ^{2L}, ψ^1_R). Plugging this definition into (3.49) we get

S_{ψψ} = ∫ d^5x √ −ĝ [ − 1 2κ^2_5 ψ^2_{ρ̂} γ^{ρ̂μ̂ν̂} D_{μ̂} ψ^1_{ν̂} − 1 2κ^2_5 ψ^1_{ρ̂}γ^{ρ̂μ̂ν̂} D_{μ̂} ψ^2_{ν̂} − − i √ 6 16κ_5 h_IF̂^I_{ρ̂σ̂} ψ^2_{μ̂} γ^{μ̂ν̂ρ̂σ̂} ψ^1_{ν̂} − i √ 6 16κ_5 h_IF̂^I_{ρ̂σ̂} ψ^1_{μ̂} γ^{μ̂ν̂ρ̂σ̂} ψ^2_{ν̂} ] . (C.1)

By using ψ^1_{μ̂} =^{1√}_2 (ψ^+_{μ̂} + ψ^−_{μ̂} ) and ψ^2_{μ̂} =^{1√}_2 (ψ^+_{μ̂} − ψ^−_{μ̂} ), (C.1) can be rewritten as

S_{ψψ} = ∫ d^5x √ −ĝ [ − 1 2κ^2_5 1 2 ( ψ^+_{ρ̂} γ^{ρ̂μ̂ν̂} D_{μ̂} ψ^+_{ν̂} − ψ̄^−_{ρ̂} γ^{ρ̂μ̂ν̂} D_{μ̂} ψ^−_{ν̂} ) − − i √ 6 16κ_5 h_IF̂^I_{ρ̂σ̂} 1 2 ( ψ^+_{μ̂} γ^{μ̂ν̂ρ̂σ̂} ψ^+_{ν̂} − ψ^−_{μ̂} γ^{μ̂ν̂ρ̂σ̂} ψ^−_{ν̂} )] + h.c. (C.2)

Now we split the space-time coordinates into: x^{μ̂} = (x^μ , x^5),

S_{ψψ} = ∫ d^5x √ −ĝ [ − 1 2κ^2_5 1 2 ( ψ^+_ρ γ^{ρμν} D_μ ψ^+_ν + ψ^+_ρ γ^{ρμ5} D_μ ψ^+_5 + ψ^+_ρ γ^{ρ5ν} D_5ψ^+_ν +

+ ψ^+_ρ γ^{ρ55}D_5ψ^+_5 + ψ^+_5 γ^{5μν} D_μ ψ^+_ν + ψ^+_5 γ^{55ν} D_5ψ^+_ν +

+ ψ^+_5 γ^{5μ5} D_μ ψ^+_5 + ψ^+_5 γ^{555}D_5ψ^+_5 ) − − i √ 6 16κ_5 h_IF̂^I_{ρ̂σ̂} 1 2 ( ψ^+_μ γ^{μνρ̂σ̂} ψ^+_ν + ψ^+_μ γ^{μ5ρ̂σ̂} ψ^+_5 + ψ^+_5 γ^{5νρ̂σ̂} ψ^+_ν +

+ ψ^+_5 γ^{55ρ̂σ̂} ψ^+_5 ) − (+ → −) ] + h.c. (C.3)

By inserting the ansatz for the gravitino ψ^−_μ = sgn(z)ψ^+_μ and ψ^−_5 = sgn(z)ψ^+_5 , (C.3) becomes

S_{ψψ} = ∫ d^5x √ −ĝ [ − 1 2κ^2_5 1 2 (1 − sgn(z)^2)(ψ^+_ρ γ^{ρμν} D_μ ψ^+_ν + ψ^+_ρ γ^{ρ5ν} D_5ψ^+_ν ) + + 1 2κ^2_5 sgn(z)δ(z)ψ^+_ρ γ^{ρν} ψ^+_ν − − i √ 6 16κ_5 h_IF̂^I_{ρ̂σ̂} 1 2 (1 − sgn(z)^2)ψ^+_μ γ^{μνρ̂σ̂} ψ^+_ν ] + h.c. , (C.4)

where we have used ∂_5sgn(z) = 2δ(z) − δ(z − πR). For any values of the sgn(z) we get

S_{ψψ} = ∫ d^5x √ −ĝ [ − 1 2κ^2_5 1 2 (ψ^+_ρ γ^{ρμν} D_μ ψ^+_ν + ψ^+_ρ γ^{ρ5ν} D_5ψ^+_ν ) − i √ 6 16κ_5 h_IF̂^I_{ρ̂σ̂} 1 2 ψ^+_μ γ^{μνρ̂σ̂} ψ^+_ν − − 1 2κ^2_5 ψ^+_ρ γ^{ρν} ψ^+_ν [δ(z) − δ(z − πR)] ] + h.c. (C.5)

– 17 –

Next, compactification of the bulk gravitino can be done by inserting the ansatz ψ^+_μ = 1√ 2 C(x)ψ_μ into (C.5) and by using the covariant derivative of the gravitino (2.11), one obtains

S_{ψψ} = − 1 2κ^2_5 ∫ d^5x √ −ĝ C^2 4 ψ_ργ^{ρμν} ( ∂_μ ψ_ν + 1 2 ω_μ^{ab}γ_{ab}ψ_ν ) + + 1 2κ^2_5 ∫ d^5x √ −ĝ C^2 4 ψ_ργ^{ρμν} ( − f_η f ∂_μ ρ + ( 1 2ρ + f_ρ f ) ∂_η ) ψ_ν − − 1 2κ^2_5 ∫ d^5x √ −ĝ C^2 4 ψ_ργ^{ρμν} ( ∂_μ ln C − 1 4 ∂_μ ln B ) − − 1 2κ^2_5 ∫ d^5x √ −ĝ C^2 4 i √ 6 4κ_5 h_I ∂_ρA^I_5ψ_μ γ^{μνρ} ψ_ν + h.c. (C.6)

From the bosonic sectors we have obtained the equation (3.36) - (3.40). Inserting these equations into (C.6), one obtains

S_{ψψ} = − 1 2κ^2_5 ∫ d^5x √ −ĝ C^2 4 ψ_ργ^{ρμν} [ ∂_μ ψ_ν + 1 2 ω_μ^{ab}γ_{ab}ψ_ν + ∂_μ ln Cψ_ν − 1 4 ∂_μ ln Bψ_ν − − i 2 (( 2f_S f + 1 S+S̄ ) ∂_μ S − − ( 2f¯_S f + 1 S+S̄ ) ∂_μ S̄ ) ψ_ν + (C.7) + ( 1 4(T^I + T^Ī )

∂_μ T^I − 1 4(T^I + T^Ī )

∂_μ T^Ī ) ψ_ν ] + h.c. ,

where the Kähler potential (3.45) we have

K_S ≡ ∂K ∂S = − 1 κ^2_4 ( 2f_S f + 1 S + S̄ ) , (C.8)

K¯_S ≡ ∂K ∂S̄ = − 1 κ^2_4 ( 2f¯_S f + 1 S + S̄ ) , (C.9)

K_I ≡ ∂K ∂T^I = − 3 κ^2_4 ( 1 T^I + T^Ī ) , (C.10)

K¯_I ≡ ∂K ∂T^Ī = − 3 κ^2_4 ( 1 T^I + T^Ī ) , (C.11)

so that we get the equation (3.55). The spinors in four dimensions are then defined by

ψ_μ = 1 2 ψ_{μL}

ψ_{μR}

, ψ_μ = 1 2 ( ψ_{μL} , ψ_{μR} ) , (C.12)

and one obtains S_{ψψ} = − 1 2κ^2_5 ∫ d^5x √ −ĝC^2ψ̄_ργ^{ρμν} D̃_μ ψ_ν . (C.13)

– 18 –

Integrating out the above equation with respect to x^5 ∈ [−πR, πR], it finally results

S_{ψψ} = − 1 2κ^2_5 ∫ d^4x

∫_{2πR} 0 dz √ −ĝC^2ψ̄_ργ^{ρμν} D̃_μ ψ_ν = − 1 2κ^2_4 ∫ d^4x √ −g ψ̄_ργ^{ρμν} D̃_μ ψ_ν , (C.14)

where we have set C = A^{−1} B^{−1/4} , while in the bosonic sector we have taken A = B^{−1/2} such that the covariant derivative of the gravitino in four dimensions is given by (3.58).

References

[1] R. Altendorfer, J. Bagger and D. Nemeschansky, Supersymmetric Randall-Sundrum scenario, Phys. Rev. D 63 (2001) 125025 [hep-th/0003117];

T. Gherghetta and A. Pomarol, Bulk fields and supersymmetry in a slice of AdS, Nucl. Phys. B 586 (2000) 141 [hep-ph/0003129];

A. Falkowski, Z. Lalak and S. Pokorski, Supersymmetrizing branes with bulk in five-dimensional supergravity, Phys. Lett. B 491 (2000) 172 [hep-th/0004093]; M. Zucker, Supersymmetric brane world scenarios from off-shell supergravity, Phys. Rev. D 64 (2001) 024024 [hep-th/0009083].

[2] J. Bagger, D. Nemeschansky and R.-J. Zhang, Supersymmetric radion in the Randall-Sundrum scenario, JHEP 08 (2001) 057 [hep-th/0012163].

[3] J. Bagger, D. Nemeschansky and R.-J. Zhang, Supersymmetric radion in the Randall-Sundrum scenario, JHEP 08 (2001) 057 [hep-th/0012163].

[4] D.M.J. Calderbank and H. Pedersen, Selfdual Einstein Metrics with Torus Symmetry, J. Diff.

Geom. 60 (2002) 485521 [math.DG/0105263].

[5] M. Günaydin, G. Sierra and P.K. Townsend, The geometry of N = 2 Maxwell-Einstein supergravity and jordan algebras, Nucl. Phys. B 242 (1984) 244.

[6] M. Günaydin, G. Sierra and P.K. Townsend, Gauging the D = 5 Maxwell-Einstein supergravity theories: more on Jordan algebras, Nucl. Phys. B 253 (1985) 573.

[7] M. Günaydin and M. Zagermann, The gauging of five-dimensional, N = 2 Maxwell-Einstein supergravity theories coupled to tensor multiplets, Nucl. Phys. B 572 (2000) 131 [hep-th/9912027];

M. Günaydin and M. Zagermann, The vacua of 5D, N = 2 gauged Yang-Mills/Einstein/Tensor supergravity: abelian case, Phys. Rev. D 62 (2000) 044028 [hep-th/0002228].

[8] A. Ceresole and G. Dall’Agata, General matter coupled N = 2, D = 5 gauged supergravity, Nucl. Phys. B 585 (2000) 143 [hep-th/0004111].

[9] E. Bergshoeff et al., N = 2 supergravity in five dimensions revisited, Class. and Quant. Grav.

21 (2004) 3015 [hep-th/0403045].

[10] E. Cremmer, Supergravities in 5 dimensions, in Superspace and supergravity, S. Hawking and M. Roček eds., Cambridge University Press, Cambridge 1981.

[11] J. Bagger and E. Witten, Matter couplings in N = 2 supergravity, Nucl. Phys. B 222 (1983) 1.

– 19 –

[12] E. Bergshoeff, R. Kallosh and A. Van Proeyen, Supersymmetry in singular spaces, JHEP 10 (2000) 033 [hep-th/0007044].

[13] Y. Lin, On orbifold theory and N = 2, D = 5 gauged supergravity, JHEP 01 (2004) 041 [hep-th/0312078].

[14] P. Hořava and E. Witten, Eleven-dimensional supergravity on a manifold with boundary, Nucl. Phys. B 475 (1996) 94 [hep-th/9603142].

[15] P. Brax and N. Chatillon, The 4d effective action of 5D gauged supergravity with boundaries, Phys. Lett. B 598 (2004) 99 [hep-th/0407025].

[16] L. Andrianopoli, S. Ferrara and M.A. Lledo, Scherk-schwarz reduction of D = 5 special and quaternionic geometry, Class. and Quant. Grav. 21 (2004) 4677 [hep-th/0405164].

[17] L. Andrianopoli et al., N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds: symplectic covariance, gaugings and the momentum map, J. Geom. Phys. 23 (1997) 111 [hep-th/9605032].

– 20 –